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BASES OF BIPYRAMID

Research is devoted to the study of functions interpolation, applying the method of finite elements in the
area of quadrilateral b bipyramid. Main task of the study is to obtain general formula of finite-element basis
of bipyramid and analysis of approximation properties of basis functions on this polyhedron.

In the given study bipyramid is considered as a finite element, obtained from the regular octahedron as a
result of linear deformations of its semi-axes. Depending on the number of directions of deformation
bipyramid may have one/two/three moving nodes. Such method of bipyramid formation is the result of
adaptation of gratings of tetrahedrally-octahedral structure to the boundaries of areas, which have complex
geometric form.

The paper contains general formulas for the bases of bipyramid with six and seven interpolation nodes,
which are parametric functions of three variables. Values of parameters correspond to the elongation
compression factors of the semi-axes of bipyramid and weight coefficient for six-node basis functions.

For the functions of bipyramid bases with seven and six interpolation nodes geometric properties of
functions which are associated with the vertices of a polyhedron, are studied. The given functions are
presented by the surfaces of zero level. Dependence of the type of surface on the value of parameters of
bases functions of bipyramid is determined.

Approximation properties of seven node base of bipyramid functions are investigated in the paper.
Quality criterion of approximation minimal trace of the stiffness matrix on a polyhedron is chosen. Critical
values of elongation /compression parameters of bipyramid semi-axes which deliver minimum functionality
to the trace of the stiffness matrix of bipyramid with seven nodes of interpolation are found. Additionally
interval assessments for the parameters of seven node base function of bipyramid are obtained, they
determine the boundaries of finite element deviation in the form of bipyramid from regular octahedron.

Perspective of further studies is mathematical substantiation of bipyramids application in the method of
finite elements, determination of quality indices of bipyramid, used in the systems of finite-element analysis
for asymmetric 3D-elements, obtaining of cubature formulas.

Key words: finite element, regular octahedron, bipyramid, interpolation nodes, basis, basis functions,
condensation method, stiffness matrix.

Introduction

Method of finite elements (MFE) is widely used for the solution of engineering problems of
mechanics, elasticity theory, field theory, etc. Modern programming complexes, realizing MFE
enable to select finite elements (FE), set boundary conditions, change the order of solution
accuracy, control computational time. In some cases it is impossible to obtain approximate solution,
which would satisfy the set accuracy or computation time exceeds the admissible limits. Constant
growth of the complexity of mathematic models of real states and processes needs the development
of more efficient algorithms of numerical analysis and increase of the memory volume of
computers.

One of the ways of optimization of finite-element calculation is correction of the discrete model,
sometimes by selecting FE, which are not presented in the software libraries of MFE. In particular,
in 3D-space gratings of tetrahedrally-octahedral structure are used, they are more efficient for the
solution of field theory problems by time complexity as compared with tetrahedral gratings, it is
proved by the publications [1, 2].

It is obvious, that the condition of discretization of 3D area of complex geometrical form by the
grating, which contains only regular polyhedrons can not be performed. Some nodes have to be
taken outside the boundary of the area, then octahedra are transformed into bipyramids. Thus,
problem of studying the conditions of MFE functions approximation in the area of bipyramid
remains relevant.
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Analysis of the previous publications

In the study [3] quadrilateral bipyramid which is irregular polyhedron and can be obtained from
octahedron (regular polyhedron) by means of linear deformation of one of its semi-axes. Node of
bipyramid, located at random distance from the point of intersection of its diagonals, in this study is
called mobile. Authors [3] constructed the systems of basis functions of quadrangular bipyramid
with one moving node. Application of different approaches to the construction of the basis of
bipyramid with seven and six interpolation nodes shows the advantages of geometric and method of
the internal condensation, which, as compared with algebraic methods, have less computational
complexity. Geometrical properties of basis function, which corresponds to the center of
polyhedron is studied but for the functions, associated with the vertices of bipyramid, geometrical
interpretation and its analysis are not available. In the given study approximation qualities of six-
nodal model of bipyramid are investigated, the best basis, for which trace of the stiffness matrix is
minimal, is determined. Theoretical conclusions, regarding the efficient use of bipyramids with six
node of interpolation in MFE is verified by the problem of thermal conductivity for the bar. Similar
research for the function of seven nodal model of the bipyramid in the given study is not available.

In studies [4, 5] bases of quadrangular bipyramid with two and three moving nodes for the
polyhedron model with seven and six interpolation nodes is constructed. Obtained functions are
polynomials of the second order, which depend on elongation/compression parameters of the semi-
axes of the bipyramid. Basis functions of six node model of bipyramid contain additional parameter
in the form of weight coefficient. In the research [4] the study of geometric properties of finite-
element functions of bipyramid with two moving nodes is limited by central function of seven-node
model of polyhedron. In the work [5] geometrical properties of bipyramid basis functions with
three moving nodes are not investigated. The problem of approximation quality of functions of
finite- element basis is considered in [4, 5] only for six-node model of bipyramid. Characteristic
features of approximation on FE in the form of bipyramid with seven interpolation nodes are not
considered.

Objective of this research is generalization of the information concerning the bases of
quadrangular bipyramid, acquisition of information regarding  geometric and approximation
properties of bipyramid basis and determination of the conditions of bipyramids usage with
one/two/three moving nodes in MFE algorithm.

For achieving the set goal the following problems are to be solved:

— obtain general formulas for the functions of seven and six-node bases of the bipyramid, their
usage enables to reduce time complexity of MFE algorithm;

- study geometrical properties of the functions of finite-element bases of bipyramid, associated
with the vertices of polyhedron and method of visualization of the surfaces of the basis functions
level, determine their types, depending on the number of bipyramid interpolation nodes and values
of the available parameters;

— study approximation properties of the functions of seven-node bases of the bipyramid,
considering minimal trace of rigidity matrix on this polyhedron to be approximation quality
criterion and check interval assessments for the elongation/compression parameters of bipyramid
semi-axes, satisfying the conditions of using asymmetric 3D elements in MFE.

Bases of bipyramid with seven interpolation nodes

Study [5] considers quadrangular bipyramid, interpolation nodes of which are located in the
vertices of the polyhedron and intersection point of the diagonals (Fig. 1a). It is assumed that points
K3, Ka, K¢ are located at the distance a from Ko, and sections KoK1, KoK>, KoKs may have random
length:

KoKy=r-a=t, KoKy, =p-a=b,KyK5=q-a=c, (1)
where 7, p, ¢>0 and r, p,q € R.
Condition (1) means that nodes 1, 2, 5 of bipyramid (Fig. 1b), which correspond to vertices K1,

Scientific Works of VNTU, 2024, No 2 2



RESEARCH RESULTS APPLICATION

K>, Ks, are moving, i.e., they may be moved along semi-axes of the bipyramid.

Fig. la. Bipyramid as a finite element Fig. 1b. Model of bipyramid with seven interpolation nodes

Functions of finite-element basis of bipyramid with three moving nodes [5], associated with the
vertices of bipyramid are expressed by the formula:

1
NS| = KatD) x(x+a); NSy = o tD x(x—1t);
S, = bath) y(y+a); NS, = aash) y(y=b); 2)
NS = @0 z(z+a); NS; = P z(z—oc).

Function, corresponding to the central node can be found from the equality, which is one of the
conditions of the completeness of finite-element basis [6]:

NS =1—pqia2 (pq(x2 +a(1—r)x)+rq(y2 +a(1—p)y)+rp(22 +a(l—q)z)). 3)

Equalities (2), (3) are basis functions of bipyramid with two moving nodes [4], when =1, and
functions of bipyramid with one moving node [3], when =1, p=1.

It should be noted that the basis functions of bipyramid, determined by the formulas (2), (3), are
quadratic functions of three variables x, y, z with the parameters a, r, p, g. Functions NS; (i=0..6)
belong to the class C2-smooth functions irrespective of the admissible parameters value, that
provides performing of the necessary conditions of MFE coincidence [6] in the area of bipyramid.

Basis functions of pyramid, constructed in the works [3 — 5] allow for geometric interpretation.
Surfaces of function NS; (i=1..6) level are pairs of parallel planes, passing across all the nodes of
bipyramid, except homonymous node i. Surface of the level of the given functions at fixed values of
parameters r, p, g and a=1 in the local coordinates system, the beginning of which is in the point Ko
is shown in Fig. 2.

Scientific Works of VNTU, 2024, No 2 3



RESEARCH RESULTS APPLICATION

Fig. 2. Surfaces of the level of the function NSi(x,y,z,a,r,p,q)=0: a) i=3; r=p=1; ¢=1,4; b) i=4; =1; p=0,7; g=1,2; c) i=6;
r=0,9; p=0,7; g=1,4

Functions, corresponding to the centre of bipyramid Ko, are also quadratic from three variables x,
v, z with the parameters a, r, p, g. Surfaces of the level are ellipsoids with shifted (along axis Oz/y in
the plane Oyz/y space Oxyz centers, geometrical location of which depends on the number of
moving nodes of bipyramid (one/two/three). The surfaces of the level of NSo function of bipyramid
with one, two and three moving nodes at fixed values of elongation/compression parameters of

polyhedron semi-axes for a=1 are shown in Fig. 3. All the constructions are executed in the local
coordinates system with the start in the point Ko.

0,
L 05 1—0,60»2),

Fig. 3. Surfaces of the function level NSo(x,y,z,a,r,p,q)=0: a) r=p=1; ¢=1,4; b) =1; p=0,7; g=1,4; ¢) r=0,9; p=0,7; q=1,4

Analyzing geometrical representation of the functions of finite-element basis of the bipyramid
with seven interpolation nodes it should be noted that the type of the surfaces of second order,
which correspond to node i do not depend on elongation/compression parameters of semi-axes of
the pyramid. Thus, geometrical properties of functions NS; (i=0..6) are determined by the order of
polynomials (2), (3) and correspondence to the node i of the bipyramid.

Basis of the bipyramid with six interpolation nodes

In the study [5] functions of six-node basis of quadrangular bipyramid with three moving nodes
are obtained. At the same time, the numbering order of nodes, associated with the vertices of
bipyramid remains (Fig. 1b). Constructed basis functions are expressed by the formulas:

where o;,[.,7,(i=1,2) — are weight coefficients, which satisfy the condition

g+ + Pty =1
Number of weight coefficients in the formulas (4) can be reduced to one, taking into
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consideration their linear dependence and satisfying the conditions of completeness [6] of
finite-element basis:

6 6 6 6
le-NCl- =X, Zyl-NC,- =y, ZZiNCi =z, ZNCi =1,
i=1 i=1 i=1 i=1
where (x;,y,,z;) — are the coordinates of the bipyramid vertices in the local coordinates system
(Fig. 1a).
Actually, weight coefficients can be presented by the functions ¢, and elongation/compression
parameters r, p, g of the bipyramid:
%;ﬁ’z:l?ﬂl;?ﬁ:%;h:ém- (6]
Then, if 0 < ¢, <1, limitations for other weight coefficients have the form:

(2% :I’Oll;ﬂl =

1 P 1 q
0y <0< f——;0< B <——;0<yy <——;0<yp <—.
2 B P B P 74 e 72 i1
Thus, basis of quadrangular bipyramid with three moving nodes, located in points Ki, K2, K5, is
determined by the formulas (4), (5). Concurrently, basis functions of bipyramid with two moving

nodes K2, Ks [4] can be obtained from the equalities (4), (5) if =1 and ¢, = «,. Basis functions of

the bipyramid with one moving node Ks correspond to the values of ¥=p=1 parameters and weight
coefficients o, =, = S, = f3,.

Obtained functions of finite-element basis of bipyramid with six interpolation nodes, which
satistfy formulas (4), (5), are quadratic functions of three variables x, y, z with the parameters a, r, p,
g, a1. Functions NC; (i=1..6) belong to the class C*-smooth in the area of bipyramid functions
irrespective of the parameters a, r, p, ¢ and weight coefficient a1, this guarantees the fulfillment of
the conditions of one of MFE convergence criteria [6] in the area of this polyhedron.

Basis functions of quadrangular bipyramid with six interpolation nodes, constructed in the
studies [3 — 5] admit geometric interpretation. Fig. 4 shows level surfaces for basis function NC, if

r=0,9, p=0,7, g=1,4, a=1 in the local coordinates system.
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Fig. 4. Surfaces of the function NC\(x,y,z,a,r,p,q,01)=0 level: a) a,=0, pair of the parallel planes; b) a;=0,1, double-
empty hyperboloid; ¢) a;=0,3, single-empty hyperboloid; d) a;=0,5, elliptical paraboloid; ¢) a;=0,6, ellipsoid;
) a1=1 ellipsoid

Analyzing geometrical properties of finite-element basis bipyramid with six interpolation nodes
function, it should be noted that depending on the value of weight coefficient a; level surface,
associated with node 7, are different types of surfaces of the second order.

Bases of the bipyramid with minimal trace of the rigidity matrix

In the research [3 — 5] approximation properties of bipyramid bases with six interpolation nodes
are investigated. It is assumed that the best one is the basis with minimum trace of the rigidity on
CE [7]. According to this characteristics critical values of elongation/compression parameters of
bipyramid semi-axes, which provide minimum function of the trace of the rigidity —matrix
Trace=Tr(r,p,q) (Table 1) are found. All calculations are performed for a=1.
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Table 1

Results of the investigation on minimum function of the trace of the rigidity matrix of the bipyramid with six
interpolation nodes

Number of Critical values of basis functions Minimum Geometric presentation of the function of
moving parameters, which satisfy the function of the the rigidity matrix trace
nodes of the formulas (4), (5) rigidity matrix
bipyramid trace
r p q
one 1 1 0.7584 2.4776

Trace=Tr(q)

two 1 0.744 0.744 2.475

three 0.64917 0.70588 | 0.70593 2.358 Surface of the level Trace=2.358 is point
(r,p,q)=(0.64917; 0.70588; 0.70593)

For further analysis of the approximation quality on CE in the form of bipyramid it is necessary
to find the values of , p, ¢ parameters, at which the trace of rigidity matrix is minimal.

By the formula:
6 oNS, ' (ans. Y (NS, YV
Trace, = L+ L+ . dv,
’ gjg[ax] (ayJ (aj

where V' — is bipyramid, NS; — are basis functions of bipyramid (1 — 3), — function Trace;=Tr:(r,p,q)
can be presented by the polynomial of one of parameters 7, p, g. Then the development of the

function of the trace of the rigidity matrix in powers of ¢ has the form:
4
a .
Trace, = A (r, " 6
R 2 P ©

where

A, :4(r2p4+r2p2+r4p4+r4p2)+8(r2p3+r4p3+r3p2+r3p4)+16r3p3,

4 :5(1/2p4 +r2p2 +r4p4 +r4pz)+10(r2p3 +r4p3 +r3p2 +r3p4)+20r3p3,

A4, =12(r2p4+r2p2+r4p4+r4p2)+21(r2p3+r4p3+r3p2+r3p4)+5(rp4+rp2+r4p+r2p)+
+4(7"2 +p2 +p4 +r4)+10(r3p+rp3)+36r3p3, (7

A, =36(r pt + PP+t PP+t p) + 210 pt P+ pt ) + 100 + 0t +r p + P p) +
82+ pr+ pt+ )+ 2007 p+ 1) +16(7° + pP)+ 601 p°,

A, = A4, 10 p+rp*)+ 8 + p).

For exploring the function 7Trace;=Tr:(r,p,q) for extremum it is necessary to find critical points
of this function, satisfying the conditions:

Scientific Works of VNTU, 2024, No 2 7




RESEARCH RESULTS APPLICATION

oTr, [or =0,
oTr, [op =0, ®
0Tr, [0g =0.

Unique solution of the equation system (8) is point (70,00,40)~(0.78996; 0.78996; 0.78996), its
coordinates are found by the numerical method with the accuracy of up to 10 for a=1 (Fig. 5).

b 0,789956 C 0,78990

0,789957+ 0,78995
V0789958 F 079000

0,789959+ 079005

0,79010-

0,789960:

T T T T ™ T T T T
0,789956,7399.58,720960,785962 739964 0,789980,789960,78994),789970,78990

p q

15 2

Fig. 5. Graphic presentation of system solution (8): a) in the space Orpg; b) in projection on Orp; ¢) in projection on
Ogr, where 1 — is the surface 07r7/0r=0; 2 — is the surface 0777/0p=0; 3 — is the surface 07r7/0g=0

All the major minors of partial derivatives of the second order of the function Trace;=Tr:(r,p.q)
are positive in the found point. Thus, according to Sylvester criterion [8] (r0,p0,q0) is the point of
minimum function of the trace of the bipyramid rigidity matrix. Corresponding minimum of the
function of the trace of the rigidity matrix with the accuracy up to 10™* equals 4.15007.

The obtained formulas (6), (7) enable to carry out similar study for the extremum of the function
of the trace of the rigidity matrix of the bipyramid, which has two and one moving nodes.
Corresponding functions Trace;=Tr:(r,p,q) are considered separately at fixed values of
elongation/compression parameters of semi-axes of bipyramid. Table 2 contains basic results of
verification of the conditions of minimum functions 7r7(p,q) and 7Tr7(q) existence. All computations
are performed with the accuracy of up to 10,

Table 2

Results of research for minimization function of the trace of the rigidity matrix of the bipyramid with seven
interpolation nodes

Number of Critical values of basis functions Minimum Geometric presentation of the function of
moving parameters, which satisfy the function of the the trace of the rigidity matrix
nodes of the formulas (4), (5) trace of the
bipyramid rigidity matrix
r P q 6). (M t
one 1 1 0.84990 4.33918

Trace,=T,(q)

two 1 0.82447 0.82447 4.2592
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Analyzing the results of the study for the extremum of the function of the trace of the rigidity
matrix of bipyramid with six and seven interpolation nodes, it should be noted that regardless of the
number of moving nodes of the bipyramid there exist admissible values of r, p, g, parameters at
which values of the rigidity matrix trace are minimal. Hence, according to this characteristic, the
best among seven-node are bases of the bipyramid, set by the formulas (2), (3) with the parameter
values in Table 2 and in Fig. 5. Accordingly, the best among six-node are bases of the bipyramid,
set by the formulas (4), (5) with the parameter values in Table 1.

Conditions of bipyramid application in the method of finite elements

Study of approximative features of the bipyramid is directed on the determination of the
conditions of this polyhedron usage at algorithmization of MFE. As the bipyramid (Fig. 1a) is not a
regular polyhedron, there exists the problem of determining the boundaries of its usage as the cell of
finite-element grating. In the studies [3 — 5] on the base of the analysis of bipyramid volume
deviation from the volume of octahedron the interval assessments for the elongation/compression
parameters of semi-axes of bipyramid 7, p, ¢ are obtained. Table 3 contains the corresponding
limitations for the bipyramid with one, two and three moving nodes.

Table 3
Interval assessments for the bipyramid parameters
Number of Values of Permissible deviation limits of the bipyramid volume from the volume of
moving elongation/compression the octahedron
nodes of the parameters of the
bipyramid bipyramid
r p q by 10% by 25%
one 1 1 >0 0.66<¢=<0.86 0.51<¢<1.0
two 1 >0 >0 0.8<(pt+1)g<1.2 0.5<(p+1)¢<1.5
three >0 >0 >0 3.65rpg+r(p+D+p(g+D+q(r+1)<4.4 | 3<rpg+r(p+1)+p(g+1)+q(r+1)<5

Analyzing corresponding assessments for the bipyramid parameters it should be noted that
critical values of r, p, ¢ (Table 1, 2, Fig. 5) meet the requirements of bipyramid volume deviation
from the volume of regular polyhedron (octahedron) by 10 %, this provides high accuracy of the
obtained MFE solution. But the data in Table 3 require clarification by calculating the quality
indices for 3D elements, used in ANSYS [9, 10] and other systems of finite-element analysis [11].

Conclusions

1. In the research finite-element bases of the bipyramid are presented by two different systems of
functions, which correspond to FE in the form of the bipyramid with seven and six interpolation
nodes. Basis functions of each of two systems are quadratic, this provides C?-smoothness of
approximate functions in the area of the bipyramid. Functions of bipyramid basis contains
undetermined parameters, enabling to generalize the expressions for basis functions with
one/two/three moving nodes on this polygon.

2. Geometrical features of basis functions of the bipyramid with seven and six interpolation
nodes are studied. The differences in representation by the surfaces the level of functions,
associated with vertices of the bipyramid are revealed. Surfaces of the functions level of seven-node
basis of the bipyramid are degenerated surfaces of the second order in the form of the pair of
parallel planes. Surfaces of functions level of six-node basis of bipyramid are surfaces of the second
order of different types, which depend on the value of the weight coefficient as the parameter of
functions of finite-element basis.

3. Approximation properties of the system of basis functions of bipyramid with seven and six
interpolation nodes are investigated. Among the functions of finite-element basis of bipyramid the
best are found, critical values of elongation/compression parameters of semi-axes of bipyramid,
correspond to these functions, that deliver minimum functions of the rigidity matrix trace. The
Scientific Works of VNTU, 2024, No 2 9
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obtained values of parameters satisfy the interval estimates, which determine the limits of the
bipyramid volume deviation from the volume of octahedron by 10 %, this enables to predict high
accuracy of the solutions if bipyramids are used in MFE.

4. Prospects of further studies are:

— study on convergence of MFE on FE in the form of bipyramid in the assemble with
tetrahedrons and octahedrons for mathematical substantiation of bipyramid application in the grates
of tetrahedral-octahedral structure;

— determination of the quality indices of the bipyramid, which use the known systems of finite-
element analysis for the elements in 3D in order to specify the interval estimates for the
elongation/compression parameters of the bipyramid semi-axes, that provide the approximation
quality on the bipyramid;

— construction of cubic formulas on the bipyramid, which has two, three moving nodes, this
enables to use the bipyramid in finite-elements computations.
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