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ANALYTICAL STUDY OF THE IMPROVED MATHEMATICAL MODEL 

OF THE VIBRATION DRIVE FOR SOLID HOUSEHOLD WASTE 

ADDITIONAL COMPACTION IN THE DUST CART 

On the base of the analysis, carried out, of the numerical studies of the complete. improved mathematical 

model of the vibrational compaction of the solid waste in the dust cart , using the  pressure pulse generator 

of the relay differential action and taking into account the density  and relative humidity of the dehydrated 

and pre- compacted solid waste the simplified improved mathematical model was suggested . In the process 

of comparison of the results, obtained using the  complete and simplified improved mathematical models of 

the vibrational additional compaction of the solid household waste in the dust cart , in particular, the 

degree of their compaction, the error was 4.35%, this value is acceptable for the realization of the previous 

design calculations of the basic parameters of the drive. For the analytical study of the simplified 

mathematical model the working cycle of the improved vibrational drive for the additional compaction of 

the solid household waste in the dust cart  is presented by six basic phases, each of them is described by the 

corresponding system of the differential equations with the initial and boundary conditions. For the 

analytical study of the simplified, improved mathematical model of the vibrational drive for the additional 

compaction of the solid household waste in the dust cart  such methods are used: solution of the system of 

ordinary linear differential equations, applying the Laplace  transformation, linearization of the  non-

linearities, decomposition of the expression into the common fractions, solution of the incomplete cubic 

equation, applying Cardano formulas, computer simulation. Analytical study of the simplified mathematical 

model of the vibrational drive for the additional compaction of the solid household waste in the dust cart  

enabled to obtain the analytical interdependences of its basic parameters and dependences of the frequency 

and amplitude on the basic parameters of the given drive with the error not exceeding  5.34%, they can be 

used for the realization of the preliminary design calculations of its parameters as one of the components 

for the solution of the problem, dealing with the development of the scientific-engineering fundamentals of 

the design of the efficient  tools of the  machines for the collection and   primary  processing of the solid 

household waste. 
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Introduction 

Every year, approximately 53 million tons of the solid household waste (SHW) are generated in 

Ukraine, threatening the health of the population and environment [1]. According to the preliminary 

calculation, more than 45 thousand tons of fuel per year are needed for the transportation by the dust 

cart to the sites of treatment at minimal distance of 30 km, this distance corresponds to the size of 

the sanitary protection zone. Wear of the dust carts pool of the municipal enterprises of Ukraine is 

approximately 70 % [2]. 

Problem set up 

According to the Decree of the Cabinet of Ministers of Ukraine № 265 [3] one of the priority 

directions of the waste management in Ukraine is the application of modern efficient dust carts, that 

is why the analytical  study of the improved mathematical model of the vibration  drive for the solid 

waste compaction in the dust cart for the obtaining of the interrelations of its basic parameters is 

important scientific-engineering problem as one of the components for the solution of the problem, 

aimed at  creation of scientific-engineering fundamentals for the design of the efficient tools  of the 

machines for collection and primary treatment of the solid municipal waste.  

Analysis of the recent research and publications 

The paper [4], contains the analytical study of the simplified mathematical model of the overturning 
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drive of the   waste container in the dust cart. Research [5] contains the analytical study of the 

mathematical model of the group hydraulic drive with serial connection of the hydraulic motors of the 

attachable sweeping equipment. In the  paper [6] mathematical model of the vibration drive for SHW 

compaction is studied analytically, the given model does not take into account the relative humidity of 

the waste and characteristic features of the pressure pulse generator of the relay differential action, 

protected by the patents of Ukraine, the latest patent is 92720 U [7]. In [8], the mathematical model of 

the valve-pulsator operation for the hydraulic drives of the vibration mining machines is studied 

analytically. In the research [9] the improved mathematical model of the vibration drive for the 

compaction of SHW in the dust cart  is suggested, its numerical study is carried out.  

Aim and tasks of the research 

The aim of this research is the analytical study of the improved mathematical model of the 

vibration drive for SHW compaction in the dust cart for the obtaining the interdependences of its 

basic parameters and dependences of the frequency and the amplitude on the basic parameters of the 

given drive. 

Methods and materials 

For the analytical study of the simplified improved mathematical model of the vibration drive for 

SHW compaction such methods are used: solution of the system of linear differential equations by 

means of Laplace transform, linearization of nonlinearities, decomposition of the expression into 

simpler fractions, solution on the incomplete cubic equation by Cardano formula, computer 

modeling. 

Results of the analytical study 

Analysis of the studies, carried out, of the complete improved mathematical model of the 

vibration compaction of SHW [9] showed that p1 ≈ p2 ≈ p12, and the impact of the pressure in the 

drain pipelines, viscous friction forces, permanent component of dry friction forces and the weight 

of pressure pulse generator of the relay differential action gate on the operation of the vibrational 

drive is of negligible importance. That is why, the simplified improved model of the vibrational 

drive for SHW compaction, using pressure pulse generator of relay differential action (PPGRDA) 

has the form: 
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ec  1 – density of the precompressed and dehydrated SHW, 

kg/m
3
; w1 – relative humidity of the precompressed and dehydrated SHW, % [10]; W12 = W1 +W2. 

The comparison of the results, obtained after application of the complete and simplified 

improved mathematical models of the vibrational compaction of SHW, using pressure pulse 

generator of relay differential action (PPGRDA), is shown in Fig. 1. 

During the comparison of the results, in particular, the degree of SHW compaction, obtained 

using complete and simplified improved mathematical models of the vibrational hydraulic drive for 

SHW compaction, using PPGRDA, the error was 4.35%, it is acceptable for  the realization of the 
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preliminary  design calculations. 

Analysis of the graph, shown in Fig. 1c, gives reason to believe, that the time of   closing the gate 

of the pressure pulse generator of relay differential action (PPGRDA) approximately equals the time 

of opening . That is why, operation cycle of the improved vibration drive for SHW compaction 

consists of six basic phases:  

1. Phase of the pressure increase of the working fluid (WF) in the pressure line of the hydraulic 

cylinder and in cavities, connected with it to the pressure 110112 )( ЦП SSccp  , at which 

compaction plate starts motion, can be described by the equation 

 121212 pKWpQH  . (4) 

  

а)     b)     c) 

Fig. 1. Comparison of the results, obtained using complete () and simplified (----) improved mathematical model of 

the vibrational compaction of SHW: а) pressure change in the pressure cavity of the hydraulic cylinder pressing plate; b) 

displacement  of the pressing plate; c) displacement  of the gate element of the PPGRDA 

 

Solving the equation  (4) at the initial conditions p12(0) = pзл, we obtain 
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where pзл – drain pressure, Pа. 

From the equation (5) we will find the duration of the first phase 
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2. Phase of the pressure increase in the pressure pipe of the hydraulic cylinder and cavities, 

connected with the pipe to  the opening pressure of the pressure pulse generator of relay differential 

action(PPGRDA)  p12 = pкл1 and motion of the pressing plate can be described by the system of the 

equations 
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where xv   – speed of motion of SHW pressing plate, m/s. 

After Laplace transformation [11] we obtain: 
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Substituting the equation (10) into the equation (9), we obtain 
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where 
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Applying the method of the decomposition of the expression (11) into simpler fractions we 

obtain 
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where 02021 / abAv  ; 020222221 / ababBv  ; 020212121 / ababCv  ;                                                     

(14) 

We find the original of the image (13) 
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Excluding small  coefficients of the expression (15) and taking into consideration the accepted 

designations according to (12, 14), at initial conditions v(0) = 0 the velocity of the pressing plate 

during the second phase is found by  the formula 
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Having integrated the expression (16), at initial conditions x(0) = 0 we find the displacement of 

the pressing plate during the second phase 
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Solving the system of equations (9 – 10) relatively P(s), we obtain 
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Further we find the original of the image (18) 
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Neglecting the small coefficients of the expression (20) and taking into consideration the 
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accepted designations according to (12, 14, 19), at initial conditions 110112 )()0( ЦП SSccp   the 

pressure in the pressure pipe of the hydraulic cylinder during the second phase is found  by the 

formula 
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After the substitution )](/[4 2

1

2

20112 ddcypp кл    we obtain the expression for finding the 

duration of the second phase 
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3. Phase of opening of the gate element of the PPGRDA to the value of the upper overlap y = hв 

and displacement of the pressing plate can be described by the system of equations: 
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Linearization of the expenditures across the throttle will be written in the following way 
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where 2/)( 112 çëêë ðpp    average value of the pressure PP in the pressure pipe of the hydraulic 

cylinder. 

After Laplace transform and linearization we obtain: 
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Serially substituting the equations (28, 29) into the equation (27), we obtain 

    0313

3

33

0313

2

23

3

33

3

43

0313

2

23

3

33

4

43

5

53

0313

2

23

3

33

3

43)(
asasas

bsbsbsbsb

asasasasasas

bsbsbsbsb
sV











. (30) 

After the transformations by Cardano formulas [12] of the equation (30) has the form 
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Applying the method of the expression decomposition (31) into simpler fractions, we obtain 
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We find the original of the image (33) 
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As a result of neglecting small  coefficients in the expression (35) and taking into consideration 

the accepted designations according to (32, 34) the velocity of the pressing plate motion during the 

third phase is found by the formula 
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Having integrated the expression (36) at initial conditions x(0) = 0 we find the displacement of 

the pressing plate during the third phase 
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Solving the system of the equations (27 – 29) relatively P(s), we obtain 
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Applying the method of the expression decomposition (38) into simpler fractions we obtain 
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We find the original of the image (39) 
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As a result of neglecting small coefficients in the expression (41) and taking into account the 

accepted designations according to (32, 34), at initial conditions )](/[4)0( 2
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pressure in the pressure cavity of the hydraulic cylinder of the pressing plate for the phase three is 

found by the formula 
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Solving the system of equations (27 – 29) relatively  Y(s), we obtain 
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Applying the method of the decomposition of the expression (43) into simpler fractions we 

obtain  
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We find the original of the image (44) 

)}.sin()]/()([)cos()/(

/)/cos(])/()]{[4/()([

)/cos()]}4/()(1[)4/(])/()[({

)4/(])[()4/()()(

22331332333

3333331

2

1

2

3

1

2

1

2

30133333

2

1

2

3

1

)/(094,6

3

2

3

2

1

2

30110

2

1

2

3

11

1max1

teaFGmteaFm

cmtmcMaECAmSdd

tmcSddymSLaDBmdd

SeKeAmddycSSñddty

t

yyð

t

yð

êêyyyvðÖ

êÖêÖyyyð

Ö

SxtQ

y

t

yðÖÏ
ÖÍ






















 (46) 

As a result of  neglecting small  coefficients in the expression  (46) and taking into account the 

accepted designations according to (32, 34, 45), at initial conditions 0)0( y  the displacement of 

the gate element of the PPGRDA during the third phase is found by the formula 

 
 tmccSmmcSmmQddty êÖêðÖêðÍ /sin)]/()487,3()(748,1[)( 6/53/8

1
333/2

1

222

1

2

33  
. (47) 

Comparing the displacement of the gate element of the pressure pulse generator to hв, the 

expression for finding the duration of the third phase is obtained  
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13 êðÖêðÍâÖê mmcSmmQddhcScmt  
. (48) 

4. Opening phase of the gate element of the PPGRD to the value of the bottom overlap y = hнж 

and the displacement of the pressing plate. 

Similarly to phase three the approximate dependences for the phase four are found: 
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. (51) 

Displacement of the gate element of the PPGRDA during phase four is determined by the 

dependence  (47). 

5. Opening phase of the gate element of the PPGRDA to the value of the positive overlap y = hп 

and displacement of the pressure plate. 

Similarly to phase three and phase four we find approximate dependences for the phase five: 

 
 tmccSmmcSmmQdty êÖêðÖêðÍ /sin)]/()487,3(748,1[)( 6/53/8

1
333/2

1

222

35  
; (52) 
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. (53) 

Velocity and displacement of the pressing plate during phase five  is determined by the 

dependences  (49) and (50), correspondingly. Pressure in the pressure cavity of the hydraulic 

cylinder of the pressing plate during phases four and five is found by the formula (42). 

6. Phase of opening of the gate element of the pressure pulse generator to the value of the 

complete overlap y=hп+hн and pressure reduction to the  closing pressure of PPGRDA  p12=pкл2 can 

be described by the system of equations: 
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2
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.                                                                                                       (55) 

We will perform the linearization of the expenses across the throttle by means of the expression 

(26) and across the slot, formed as a result of the gate element passage of the positive overlapping 

 1212 pp 
. (56) 

After Laplace transform and linearization we obtain: 
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Substituting the equation (58) into the equation (57), we obtain 
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Applying the method of the expression (59) decomposition into the simpler fractions we obtain 
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 (61) 

where 06066 /abAp  ; 060626266 /ababBp  ; 060616166 / ababCp  .                                          (62) 

We find the original of the image (61) 













 


















 




t
a

aaa
she

aaa

aaBC
t

a

aaa
che

a

B
Atp

t
a

a

pp
t

a

a

p

p

26

2606

2

162

2606

2

16

261666

26

2606

2

162

26

6

612
2

4

4

/2

2

4
)( 26

16

26

16

. (63) 

As a result of neglecting the small coefficients of the expression (63) and taking into account the 

accepted designations according to (61, 62), at initial conditions )/()(4)0( 2

3012 dhycp ï   the 

pressure in the pressure line of the hydraulic cylinder during the sixth phase is found by the formula 
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Solving the system of the equations (57 – 58) relatively  Y(s), we obtain 
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Applying the method of the expression (67) decomposition into simpler fractions we obtain 
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We find the original of the image (66) 

 

.
2

4

4

/2

2

4

sin
4

cos
4

)(

4
)(

26

2606

2

162

2606

2

16

261666

26

2606

2

162

26

6

6
2

3
0

66

2

3

06

2

3

26

16

26

16




















 


















 
























































t
a

aaa
she

aaa

aaDE
t

a

aaa
che

a

D

t
m

c

cm

Gd
t

m

c
y

m

FBd
yA

d
ty

t
a

a

yy
t

a

a

y

êê

y

êê

yy

y



 (68) 

As a result of neglecting small  coefficients in the expression (68) and taking into account the 

accepted designations according to (60, 67), at initial conditions y(0) = hп, the displacement of the 

gate element during the phase six is found by the formula 

 
)]}(24/[2/1{)( 22

12

2

36 âÄêppï ddmtpdhty  
. (69) 

Comparing the displacement of the gating element of the pressure pulse generator with  hп + hн, 
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we obtain the expression for finding the duration of the phase six 

 
)/()/(2)(24 4

312

22

6 ïppíâÄê hdphddmt  
. (70) 

Verification of the correctness of the simplified model is  performed  by means of comparison of 

the frequency and amplitude of the vibration compaction of SHW.  

We find the oscillation frequency of the vibration compaction of SHW: 

 (Гц).98,84)]102,488102,166106,685106,686(2

102,41410840,0/[1)](2/[1

4-5-6-5-

-4

654321



 tttttt

 (71) 

Then we find the amplitude of the SHW compaction plate displacement: 

 ).мм(1915,0)м(101,915103,059102,914

102,762101,915

4-10-11-

-9-4

5432



 xxxxA

 (72) 

The values of the oscillations amplitude, obtained by means of the simplified mathematical 

model differ from the corresponding results of the complete mathematical model [9] not more than 

by 5.34%, it is acceptable for the realization of the preliminary design calculations.  

The considered technique of the preliminary assessment and selection of the output parameters of 

the vibrational drive for SHW compaction has the approximate character, it is recommended for the 

application in the process of the draft design for the revealing of the general technical characteristic. 

Final calculation of the real parameters of the vibration drive for SHW compaction should be 

carried out, using more complete mathematical model [9], taking into account the characteristic 

features of the specific design scheme. 

Conclusions 

Simplified improved mathematical model of the vibrational drive for SHW compaction, using 

pressure pulse generator of the relay differential action is suggested, the given model enabled to 

obtain analytical interdependences of its basic parameters and dependences of the frequency and 

amplitude on the basic parameters of the given drive, that can be used for the realization of the 

preliminary design calculations of its parameters, as one of the components for the solution of the 

problem of the creation of scientific-engineering fundamentals for the design of the efficient  tools 

of the machines for the collection and processing of the solid household waste. 
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