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METRIC IN SPACE OF THE DIRECTED LEVELS 
OF MEMBERSHIPS OF POORLY SET PARAMETERS OF COMPLEX 

SYSTEMS 

The work introduces metric of special kind in the space of directed levels of membership of weak set. The 
suggested metric allows simplifying the process of simulation and analysis of undetermined parameters of 
complex system using poor sets. 
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In works [1-6] authors suggested the new approach to the simulation of complex systems on the 
basis of the apparatuses of the theory of weak sets developed by them, which allows to simulate 
indefinite parameters of systems under conditions of absence of both, the numerical, as well as 
fuzzy or linguistic values of indefinite parameters. The basic tool of the new technology of complex 

system  simulation in conditions of data uncertainty is the X weak set A
~~

 set in a universum [2, 3, 6] 
which unlike indistinct set A~  is set not by membership function μA: X → M α, but by function of 
levels νA: X → M αω, where M αω = M α × {+; −} \{(∨M α; −)} - space of the directed levels of 
membership  which is the Cartesian product of space of not directed (usual) levels of membership 
M α and spaces of direction {+; −}, ∨M α - a maximum element of space M α. Elements of this 
space which are the ordered pares of the type (α; +), (β; −), α, β ∈ M α are called positively (for a 
case (α; +)) and  negatively (for a case (β; −)) directed levels of a membership, it is convenient to 
designate accordingly α +, β−. Function of levels of weak set does not set to the elements of the 
universum any specific degrees membership to weak set, but only the directed levels of a 
membership. Thus positively directed levels of a membership according to [4] can be interpreted, as 
the lower exact edge of possible values of degrees of a membership of corresponding elements of a 
universum. Thus the least upper bound of a membership of these elements in any way is not 
regulated and limited only to a universal element ∨M α spaces of not directed levels of a 
membership. Negatively directed levels of a membership in turn can be interpreted, as the upper 
exact edge of possible values of degrees of a membership. Thus the lower exact edge of 
memberships of elements of a universum in any way is not set and limited only to the minimum 
element ∧M α spaces M α.  

In space of not directed levels of a membership the usual weak linear order, and in space of 
directednesses - a linear order {(+, +), (+, −), (−, −)} takes place. As for the space M αω , there had 
been set the special strict linear order S αω so that 
 S αω = ∀ (α, ωα), (β, ωβ) ∈ M αω ((β, ωβ)> (α, ωα) ⇔ (β> α ∧ ωβ = ωα) ∨ (ωβ> ωα)), (1) 

And the diagonal ration on M αω sets equality of the directed levels of a membership 
 ∀ (α, ωα), (β, ωβ) ∈ M αω ((α, ωα) = (β, ωβ) ⇔ α = β ∧ ωα = ωβ). (2) 

The work [5] presents the geometrical interpretation of space of the directed levels of a 
membership with the linear order set on it (1). According to this interpretation,  space M αω can be 
represented in the form of a segment of the straight line, points of which  set the directed levels of  
membership. Such segment is named as an axis of the directed levels of a membership. Fig. 1 
presents the axis of the directed levels of a membership for case M α = [0; 1]. The direction of 
growth of values of the directed levels of a membership according to strict linear order S αω is 
shown in drawing by dashed arrows. 
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Fig. 1. An axis of the directed levels of a membership at M α = [0; 1] 

 
As is seen in fig. 1, a linear order in space M αω with negatively and positively directed levels of 

a membership essentially differs from a usual linear order on a segment of a numerical axis with 
negative and positive numbers. Therefore the usual Euclidean metric of a numerical straight line is 
not suitable for distance definition between arbitrary pair points of the directed axis of levels of a 
membership. 

It is known, that many fundamental notions and results of mathematical analysis are connected 
not with the algebraic nature of real numbers, but only with concept of distance of space of real 
numbers, i.e. with set of real numbers, as metric space. The basic notions and results of the theory 
of limits, notion of a continuity and smoothness of functions etc belong to such notions and facts. 
To introduce similar concepts in the theory of weak sets and, in particular, important to be used in 
this theory notions of continuous and explosive, decreasing and increasing functions of levels of 
weak set, it is necessary to set the metric in space of the directed levels of a membership. 

In order to emphasize which metric is used, we will designate metric space in the form of the 
pair 〈Mαω, ρM  〉, where ρM - the metric on M αω, i.e. a nonnegative real-valued function which for 
each pair of elements from M αω sets distance between them. With the known metric ρM   we will 
name also set Mαω as the metric space, on the elements of which the metric is set as it is usually 
accepted [7]. 

It is obvious that metric in space Mαω can be introduced by different ways. We will introduce the 
metric ρM on an axis of the directed levels of a membership so that for any pair of points of this axis 
between them it is possible to measure distance by means of a usual ruler, and in case of 
unidirectional levels of a membership it coincides with the usual metric ρR of real numbers 

ρR: R2 → R+0, ρR (a, b) = | a − b |, ∀a, b∈R, i.e. 

 ∀α, β∈ M α (ρM  (α +, β +) = ρM  (α −, β −) = ρR (α, β)), (3) 
Where R+0 = {0} ∪R +; R + - set of positive real numbers. 

With this in view we will consider function ρM: 
2Mαω  → R+0 in space M αω such, that 

 ∀α, β ∈  M α ∀ω, ψ∈ M ω (ρM  (αω; βψ) = | α − β  |  ⇔  ω  =  ψ ); (4) 

 ∀α, β ∈  M α (ρ M  (α +; β−) = | α − ∧M α | + | β  − ∨M α | ); (5) 

 ∀α, β ∈  M α (ρ M  (α−; β +) = | α − ∨M α | + | β  − ∧M α | ). (6) 
Let's show that function ρM is the metric in space M αω for which the condition (3) is satisfied. 
According to definition of metric space [7] function ρM will be the metric only when it is a 

nonnegative real-valued function satisfying to all axioms of metric spaces. In our case that can be 
noted in the form: 
 ∀αω, βψ∈  M αω (ρM  (αω; βψ) = 0 ⇔ αω = βψ); (7) 

 ∀αω, βψ∈  M αω (ρM  (αω, βψ) = ρM  (βψ,  αω)); (8) 

 ∀αω, βψ,  γχ∈  M αω (ρM  (αω, γχ) ≤ ρM  (αω, βψ) + ρM  (βψ, γχ)). (9) 
It may be noticed, that ρM is a nonnegative real-valued function as its values according to (4) - 

(6) are an absolute value of a real number or the sum of absolute values of real numbers. Besides, 
according to (4) on set of unidirectional levels of a membership of value of function ρM for any pair 
of such levels do not depend in any way on their directedness. Taking it into account, and also 
considering condition (4), it actually sets the metric in space of not directed levels of membership 

0− 1+0 +0,2− 

Sαω 

0,6− 0,8−0,4− 0,2− 0,6− 0,8− 0,4−
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M α which coincides with the usual metric of real numbers ρR. 
Since usual metric ρR is the rigorous metric on set of real numbers, than on the set of not directed 

levels of a membership which is a subset of set of real numbers, function ρM is also the metric one, 
which in case of unidirectional levels of a membership corresponds to the usual metric of real 
numbers ρR. From here we conclude, that the equality (4) answers all axioms of the metric (7) - (9). 

Let's show further that equalities (5), (6) also answer axioms of the metric (7) - (9). At first we 
will show, that these equalities satisfy an axiom (7). 

Let us assume that the axiom (7) for these equalities is not fulfilled. In that case there should be 
such pair of the directed levels of a membership αω, βψ, that 
 αω = βψ ∧  ρM  (αω, βψ) ≠ 0, or (10) 

 αω ≠ βψ ∧  ρM  (αω, βψ) = 0. (11) 
Since the conditions (5), (6) concern only the case, when the directions of levels of a 

membership are opposite, than the expressions (10), (11) for this case is possible to rewrite in such 
an expanded form: 
 αω = βψ ∧  ω  ≠  ψ  ∧  ρM  (αω, βψ) ≠ 0, or (12) 

 αω ≠ βψ ∧  ω  ≠  ψ  ∧  ρM  (αω, βψ) = 0. (13) 
But the case (12) is impossible because according to the ration of equality (2) in space M αω the 

directed levels of a membership with the equal not directed memberships and opposite directions 
cannot be equal. 

Let's consider the case (13). According to (5), (6) the following biconditionals should be 
identically true: 
 ρM  (α +; β−) = 0 ⇔ | α − ∧M α | + | β  − ∨M α |  = 0; (14) 

 ρM  (α−; β +) = 0 ⇔ | α − ∨M α | + | β  − ∧M α |  = 0. (15) 
But the sum of absolute values of two any real numbers equals zero only when both absolute 

values equal zero. Therefore the statement (14), (15) is possible to write in such equivalent form: 
 ρM  (α +; β −) = 0 ⇔ | α − ∧M α | = 0 ∧ | β  − ∨M α |  = 0, (16) 

 ρM  (α− ; β +) =0 ⇔ | α−∨ M α | = 0 ∧ | β −∧ M α |  = 0. (17) 
Right members of statements (16), (17) are possible to rewrite according to such chains 

equivalences: 
| α − ∧M α | = 0 ∧ | β  − ∨M α |  = 0 ≡ α − ∧M α = 0 ∧ β  − ∨M α = 0 ≡ α = ∧M α ∧ β  = ∨M α, and 

accordingly | α − ∨M α | = 0 ∧ | β  − ∧M α |  = 0 ≡ α − ∨M α = 0 ∧ β  − ∧M α = 0 ≡ α = ∨M 
α ∧ β  = ∧M α. 

Substituting instead of a right member biconditional (16), (17) the received conjunction, we will 
have: ρM  (α +; β −) = 0 ⇔ α = ∧M α ∧ β  = ∨M α, ρM  (α− ; β +) = 0 ⇔ α = ∨M α ∧ β  = ∧M α. 

But for the directed level β− the equality β  = ∨M α can take place only in case, when β− = (∨M 
α; −), and for the directed level α−  the equality α = ∨M α can take place only in case, when α− = 
(∨M α; −). At the same time according to the definition of space of the directed levels of a 
membership the directed level (∨M α;-) in it spacious is absent. Thus having assumed, that the 
axiom (7) is not fulfilled, we have come to false conclusions  (14), (15). It means, that the made 
supposition is false, and equalities (5), (6) answer an axiom (7). 

As for the axiom (8), the correspondence of equalities (5), (6) to these axiom directly follows 
from a commutability of the sum of absolute values of real numbers. Really, from (5), (6) it follows, 
that 

ρM  (α + ; β −) = | α − ∧M α | + | β  − ∨M α | , 
ρM  (β −; α +) = | β  − ∨M α |  + | α − ∧M α |, 
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ρM  (α− ; β +) = | α − ∨M α | + | β  − ∧M α | ,  
ρM  (β +; α−) = | β  − ∧M α |  + | α − ∨M α |.  

But, as 
| α − ∧M α | + | β  − ∨M α |  =  | β  − ∨M α |  + | α − ∧M α | і 
| α − ∨M α | + | β  − ∧M α |  = | α − ∨M α | + | β  − ∧M α | ,  

then ρM  (α + ; β −) = ρM  (β −; α +) і ρM  (α− ; β +) = ρM  (α−; β +). i.e. the axiom (8) is fulfilled 
for equalities (5), (6). 

It is necessary to show, that equalities (5), (6) also satisfy the axiom (9). First, we will fulfill the 
proof for the equality (5). As the equality (5) sets distance between two differently directed levels 
of  membership, the initial level has a positive direction, and the final – negative, it is necessary and 
sufficient to fulfill the proof for two cases of the possible ordered gangs of three directed levels of a 
membership which differ by directions of an average level of a membership, and first and last levels 
keep the directions. Thus gangs of three directed levels of a membership which should be 
considered, will look like: α +,  β +,  γ−  and α +,  β−,  γ− .  

First, let's consider the first gang of the directed levels of a membership. According to (4) ρM  

(α +; β +) = | α − β |, and according to (5) 
 ρM  (α +; γ−) = | α − ∧M α | + | γ  − ∨M α | ; (18) 

ρM  (β +; γ−) = | β  − ∧M α | + | γ  − ∨M α | . 
Then 

 ρM  (α +; β +) + ρM  (β +; γ−) = | α − β  |  + | β  − ∧M α | + | γ  − ∨M α | . (19) 
From (18) and (19) it follows that an inequality 

ρM  (α + ; γ−) ≤ ρM  (α +; β +) + ρM  (β +; γ−) 
It is fulfilled only when 

| α − ∧M α | + | γ  − ∨M α |  ≤ | α − β  |  + | β  − ∧M α | + | γ  − ∨M α |  ≡  
≡ | α − ∧M α | ≤ | α − β  |  + | β  − ∧M α |. 

Let us convince, that last inequality is really fulfilled. From properties of an absolute value of a 
real number it follows that  

| α − β  |  + | β  − ∧M α | ≥ | α − β  + β  − ∧M α | ≡ | α − β  |  + | β  − ∧M α | ≥ | α − ∧M α |. 
Thus for the first set of the directed levels of a membership the equality (5) satisfies the axiom 

(9). 
For the second set of levels of a membership α +,  β− ,  γ−  according to (5) we will receive 

 ρM  (α +; γ−) = | α − ∧M α | + | γ  − ∨M α | , (20) 

ρM  (α +; β−) = | α − ∧M α | + | β  − ∨M α | . 
For the same case according to (4) we will have 

ρM  (β−; γ−) = | β − γ | = | γ − β |. 
From the last two equalities we will receive: 

 ρM  (α + ; β−) + ρM  (β−; γ−) = | α − ∧M α | + | β  − ∨M α |  + | γ − β |. (21) 
From (20), (21) it follows that an inequality ρM  (α +; γ−) ≤ ρM  (α + ; β−) + ρM  (β−; γ−)  is 

fulfilled only if the inequality is fulfilled 
|α − ∧Mα | + |γ  − ∨Mα|  ≤ |α − ∧Mα | + |β  − ∨Mα|  + |γ  − β |  ≡  |γ  − ∨Mα|  ≤  |γ  − β | + |β  − ∨Mα| . 

But the last inequality is really fulfilled. It is easy to be convinced of it, considering, that 
| γ − β | + | β  − ∨M α |  ≥ | γ − β + β  − ∨M α |  ≡  | γ − β | + | β  − ∨M α |  ≥ | γ  − ∨M α | .  

Thus for all possible gangs of the directed levels of a membership the equality (5) satisfies the axiom (9). 
For proof completion we will show, that for equality (6) the same conclusion takes place - it also 
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satisfies the axiom (9). As the equality (5) satisfies all the axioms of metric spaces it also satisfies  
the separate axiom of the metric (8). Taking into account this axiom and a commutability of the 
sum of absolute values of real numbers we will rewrite it in such equivalent form 

ρM  (β −; α +) = | β  − ∨M α |  + | α − ∧M α |. 
But the received equality  with the accuracy to mutual substitution of numerals of the directed 

levels of a membership is equivalent to equality (6). From here we conclude, that the equality (6), 
as well as equality (5) satisfies the axiom (9). 

Thus it is proved, that all equalities (4) - (6) satisfy the axioms of the metric (7) - (9), and it 
means, that function ρM is the metric which sets distance between arbitrary pair points of space M 
αω. And the distance between any levels of a membership with an identical directions set by the 
metric ρM is equal to distance between the corresponding not directed levels of a membership set by 
the usual Euclidean metric ρR, that is guaranteed by a condition (3). However for any pair of levels 
of a membership with  different directions the metric ρM sets distance according to the specific laws 
(4) - (6). In spite of the fact that these laws do not answer the usual Euclidean metric ρR any more, 
between any pair points on the directed axis of co-ordinates it is possible to measure distance by 
means of a usual ruler. We will show this property of the metric ρM with the help of fig. 2, 3. The 
first figure shows the distance between points (α−; β+) = (0,3−; 0,8+) of the directed axis of co-
ordinates when M α = [0; 1], and the second - distance between points (α−; β +) = (−0,3 −; 0,8 +) the 
directed axis of co-ordinates when M α = [−1; 1]. 

Let's determine the distances between these points, using introduced in space of the directed 
levels of a membership the metric ρM. 

For first two points we will receive (fig. 2): 
ρM (α−; β +) = | α − ∨M α | + | β − ∧M α | = ρM (0,3 −; 0,8 +) = |0,3 − 1 | + |0,8 − 0 | = 1,5. 

 
Fig. 2. Distance between the directed levels of a membership 0,3 − and 0,8 + at M α [0; 1] 

 
Let's find distance between the directed levels −0,3 − and 0,8 + at M α = [−1; 1] (fig. 3): 

ρM (α−; β +) = | α − ∨M α | + | β − ∧M α | = ρM (−0,3 −; 0,8 +) = | −0,3 − 1 | + |0,8 − (−1) | = 3,1. 

 
Fig. 3. Distance between the directed levels of a membership −0,3 − and 0,8 + at M α = [−1; 1] 

 
Noted property of the metric ρM allows to introduce definitions of continuous (discontinuous) 

and decreasing (increasing) functions of the directed levels of a membership by analogy to 
corresponding definitions of real-valued functions so, that continuous and discontinuous, as well as 
decreasing and increasing functions of the directed levels will look in the directed axes [5] similarly 
to corresponding real-valued functions in usual Cartesian axes. 

Conclusions 

On the set of the directed levels of weak sets there had been introduced the function which 
converts this set into metric space. It had been  proved, that this function satisfies  all the axioms of 
metric spaces, i.e. is the metric one. The suggested metric allows to measure distance between any 
points of an axis of the directed levels of a membership by means of a usual ruler, and allows to 
calculate the distance between any levels of a membership with an identical directions as usual 

−1− 0− 1+ 

0,8+ 

−0,5− 

ρM(−0,3−; 0,8+) = 3,1 

0,5− −1+ −0,5+ 0+ 0,5+ 

−0,3− 

0− 0,5− 0+ 1+ 0,5+ 0,8+ 0,3− 

ρM(0,3−; 0,8+) = 1,5 
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Euclidean distance between the corresponding not directed levels of a membership. 
Such properties of the offered metric allow to introduce concepts of continuous and decreasing 

functions of levels of weak sets so that graphs of these functions in the directed axes of coordinates 
looked similarly to graphs of usual real-valued functions in Cartesian axes. It allows to greatly 
simplify the process of simulation and the analysis of indefinite parameters of complex systems by 
means of weak sets. 
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